We study the spectrum of cosmological fluctuations in scenarios such as Galilean Genesis [1] in which a spectator scalar field acquires a scale-invariant spectrum of perturbations during an early phase which asymptotes in the far past to Minkowski space-time. In the case of minimal coupling to gravity and standard scalar field Lagrangian, the induced curvature fluctuations depend quadratically on the spectator field and are hence non-scale-invariant and highly non-Gaussian. We show that if higher dimensional operators (the same operators that lead to the η-problem for inflation) are considered, a linear coupling between background and spectator field fluctuations is induced which leads to scale-invariant and Gaussian curvature fluctuations.
I. INTRODUCTION
Inflation [2] is currently the most well-studied and successful paradigm for very early universe cosmology. Most importantly, inflation is the first scenario based on causal physics to give a mechanism [3] to generate perturbations on the scales currently observed. The predicted spectrum is nearly scale-invariant and close to Gaussian. These predictions have been spectacularly confirmed in recent cosmic microwave (CMB) measurements [4] .
As already pointed out [5] a decade before the development of inflationary cosmology, any early universe scenario which yields an almost adiabatic and nearly scale-invariant spectrum of fluctuations on scales which are super-Hubble at late times (e.g. the time of equal matter and radiation) will yield an angular power spectrum of CMB anisotropies in agreement with observations. Inflation is the first but not the only model which yields such fluctuations.
It is valuable to investigate alternative scenarios to obtain a scale-invariant spectrum of curvature fluctuations using causal microphysics. On one hand, one does not know apriori whether inflation is indeed the right paradigm. At least in its current realizations based on coupling scalar fields to Einstein gravity it suffers from a number of conceptual challenges (see e.g. [6] ), and if inflation in fact turns out not to be the correct paradigm, alternatives are certainly needed. On the other hand, even if inflation turns out to be the correct paradigm, competing scenarios are useful because they may provide guides to future experiments which will allow inflation to pass further non-trivial tests. For example, the "String Gas Cosmology" alternative to inflation [7] predicts a blue tilt of the spectrum of gravitational waves, whereas inflationary models developed within the context of Einstein gravity generically produce a small red tilt. Thus, future measurements of the slope of the spectrum of gravitational waves could either falsify inflation or allow it to pass a further non-trivial test. In this sense having alternatives to inflation makes early universe cosmology a healthier science.
Recently, there is an increasing interest in a class of alternatives to inflation in which the scale-invariance of the fluctuations is induced not by the de-Sitter-like expansion of space, but by the evolution of another matter field. Examples are the conformal cosmology of [8] (see also [9] [10] [11] ), in which the evolution of a conformal scalar field induces scale-invariant fluctuations in an axion-like field to which it couples, the pseudo-conformal cosmology of [12] and the Galilean genesis model of [1] in which a Galileon field which dominates the background dynamics of space-time induces scale-invariant fluctuations of a spectator scalar fields.
In this paper we propose a mechanism by which the scale-invariance of the spectator scalar fields can be transferred to a scale-invariant spectrum of curvature fluctuations. The standard curvaton mechanism does not work since in this case the curvature fluctuations are quadratic in the spectator scalar field, and hence the fluctuations will be neither scale-invariant nor Gaussian. The key to our construction is to introduce a linear coupling between the nontrivial background geometry and the spectator scalar.
II. EMERGENT DYNAMICS FROM EMERGENT COSMOLOGY
The three scenarios mentioned above all can be viewed as particular realizations of an emergent cosmology, in the sense that there is a spectator field whose equation of motion looks like that of a standard scalar field in a de Sitter background geometry, while the actual space-time is not de Sitter at all. For example, in the Galilean Genesis scenario it is an evolving Galileon field which couples to a spectator scalar field like a de Sitter metric would, while the Galileon field leads to a metric which approaches that of flat Minkowski space-time as time tends to t → −∞. In this case, the expanding background expansion is in fact emergent from an initial static phase (as is also postulated to happen in String Gas Cosmology [7] ).
There is, however, a generic problem which arises if one generates a scale-invariant spectrum of fluctuations of a spectator scalar field in the hope of then obtaining scale-invariant curvature perturbations [13] :
• If the scalar field has no potential term, the scale-invariant perturbation of the scalar field couples quadratically to the curvature perturbation ζ asζ ∼ δφ 2 , and thus the resulting curvature perturbation is neither scale invariant nor Gaussian.
• If the spectator scalar field has a potential (say, a fixed mass term) and its background value is excited and evolving in time (like the inflation and the curvaton are in inflationary cosmology), then -although the background scalar field allows a linear coupling between the spectator field fluctuations and the curvature perturbation -the background spectator scalar field will destroy the emergent background phase in the far past, when fluctuations are supposed to be generated.
Actually, the solution to the above problems is built-in in those theories. To see this, it is helpful to pause and revisit the "η-problem" for inflation [15] . The η-problem states that in a time-dependent background, a massless field φ typically gets a mass of order of the Hubble parameter, unless the masslessness is protected by a symmetry such as a shift symmetry [16] . For example, in the context of supergravity models, then if the field comes from a Kähler potential, the Lagrangian will have the structure
where V 0 is the effective vacuum energy in the system, and M p is the Planck mass. Expanding this equation, the φ field obtains a mass of order Hubble parameter H:
It is believed that the above effect is so general that it becomes a problem of inflation. There is good reason to believe that the same term should also naturally arise in emergent universe scenarios where the Hubble parameter is emergent (specifically in the Galilean Genesis model). Thus, a light scalar field φ (our spectator scalar field) obtains an emergent mass. The emergent mass, on one hand, breaks the shift symmetry. This will induce a linear coupling of the scalar field fluctuations to curvature perturbations, and will allow a scale-invariant spectrum of the spectator field to induce a scale-invariant spectrum of curvature fluctuations. On the other hand, the mass of the spectator field is emergent and thus the induced potential of the field does not destroy the initial emergent background. Specifically, it does not break the emergent nature of expansion of the universe.
For this purpose, starting with the Lagrangian L m for a massless scalar field, we shall consider the corrected matter Lagrangian
where M is a mass parameter characteristic of the new physics which yields the corrections to the Lagrangian. This mass will induce non-trivial dynamics of φ which in turn leads to a linear coupling between fluctuations in φ and curvature perturbations. Alternatively, we could also consider a gravitational action with induced non-minimal coupling of φ to gravity (a similar mechanism was proposed in [11] ): This modified action also leads to a direct linear coupling between fluctuations of φ and curvature perturbations. For definiteness, in the present work, we only consider the first possibility, which is inspired by a Kähler potential in supersymmetry 1 . We expect that the modified gravity case should have a similar effect, via a conformal transformation.
.
Here we have solved the equation of motion of G to second order, and other equations to first order. As one can check, this suffices for the calculation of the equation of motion for the isocurvaton. For simplicity, we assume that the Galilean field decays before condition (8) breaks down. Technically it should be straightforward to generalize our analysis to the
) region, provided that a well defined UV completion is given and the equations of motion are solved numerically. 1 In the case of a Kähler potential, it is more natural to have a standard kinetic term, leaving the exponential exp O(1)
to the potential term. However, here we consider an over-all exponential term. For the Galilean case, we have to because there is no potential for the Galilean field. On the other hand, in the pseudo-conformal case, we could consider the case where the exponential only couples to the potential, and the result should not change much.
As noticed in [1] , the G field has a blue spectrum, instead of a nearly scale invariant spectrum of perturbations. However, it was also noticed that if a massless scalar field φ is introduced which couples to the Galilean like
then in the Galilean background the φ field feels an effective metric with a conformal factor e G/2 . Inserting the Galilean solution e 2G 1/(H 0 t) 2 , it follows that φ obeys the same equation of motion like a minimally coupled scalar field in de Sitter space and thus obtains a scale invariant power spectrum if the fluctuations start out in their quantum vacuum state. As discussed in [13] , the ghost condensate can decay to excitations of the φ matter field via the coupling in (9), thus allowing for a graceful exit from the stage of Galileon domination and onset of the usual radiation phase of Standard Cosmology.
However, as noticed in [13] , there is a problem to convert the perturbation in φ to curvature perturbations. This is because φ has no potential or background motion. The curvature perturbation couples to the energy density of φ, and is thus proportional to δφ 2 . As a result, the curvature perturbation is neither scale invariant nor Gaussian. If one tries to apply the curvaton scenario [17] and gives the φ field a potential which leads to slow rolling, one encounters the next obstacle: now φ has a non-vanishing background energy density which renders the emergent Galilean phase unstable.
Our main point is that if φ is an originally massless direction, whose mass is uplifted by the Hubble parameter, then there is no such instability since the mass vanishes deep in the Galileon phase. Here we consider an example realizing this uplifting.
B. An additional scalar with Kähler type coupling
In this subsection, we introduce a model where the additional scalar field arises from the Kähler potential, or a phenomenological analog. We consider the action
where M is a constant with the dimension of mass (could be real or purely imaginary). The gravitational sector is standard.
To simplify the calculation, we assume
The first inequality is discussed in Section III and is an early time approximation. The second inequality is a condition for the effective field theory expansion of the new physics to be valid, and it also ensures that φ remains a sub-dominant component, i.e. a spectator scalar field. At the homogeneous and isotropic background level, the matter action for φ takes the form
To leading order in the approximations (11), we obtain the solution
where φ 0 is a constant. The second term is much smaller than the first one in a vast parameter space, considering that t 2 is huge at early times. Thus the motion of φ is very slow. In the following calculation, we self-consistently treat φ as a constant. We shall come back to the time variation of φ when discussing the spectral index.
C. Cosmic perturbations
We start from the ADM metric 2 :
with perturbations α and β defined as
The matter fields φ and G are perturbed as
We have the freedom to set another gauge condition. However for the moment we shall not do that and leave the time shift t → t + δt as a residual gauge symmetry. With the assumptions in equation (11) 3 , one can solve for α and β using the constraint equations and reinsert the solutions into the action. The second order Lagrangian then takes the form
Here, the first three lines represent the free Lagrangian, and the 4th to 6th lines are the mixing terms. The coefficients of the two terms in the last line are small. We can self-consistently neglect these two terms. The self-consistency check involves obtaining the solution making the approximation, inserting back into the action, and checking that the contributions of these two terms are indeed small. One can define canonically normalized fields via
In terms of these fields the Lagrangian becomes
Note that ψ or δG appear in the above action only in terms of the gauge-invariant combination σ. On the other hand, χ appears in a gauge-dependent form. This gauge-dependence is due to the approximation |φ 2 0 /M 2 | 1 which we 2 We have chosen a gauge in which the spatial metric is flat up to a conformal factor 3 This is to say, neglecting terms which are small comparing to other existing terms in the two expansion parameters.
have made. By this approximation, we are asserting that φ 0 is sub-dominant, thus couples to gravity only weakly and is treated as a spectator scalar field on a fixed background. At higher orders, we would recover an explicitly gaugeinvariant form. Note that if we were to choose a uniform φ gauge, then the parameters in the gauge transformation between the gauge we are using and the uniform φ gauge will be large, which mixes different orders of the φ 2 0 /M 2 terms in the second order action.
To put it in another way, the |φ 2 0 /M 2 | 1 approximation has separated gauge transformations into two classes, the "small gauge transformations" and "large gauge transformations", as illustrated in Figure 2 . Small gauge transformations transform between uniform total energy density slice and the flat slice, or any other slices not too far away from it. On the other hand, large gauge transformations transform between the above slices and the uniform φ gauge. The action (19) can be used when only small gauge transformations are considered. While to consider a large gauge transformation, one need to use the full second order action, without the approximation |φ Now we make the further assumption that
such that the last term in equation (19) can be treated as a perturbation when solving the equation of motion of χ. Then the σ field has a free equation of motionχ
This is the same equation of motion as a free scalar field χ in a de-Sitter background (with time t being replaced by the conformal time). This demonstrates that χ will acquire a scale-invariant spectrum in this background [1] if it starts out in its vacuum state. The back-reaction of χ on σ is given byσ
In the context of the emergent paradigm it is natural to assume that both canonical fields start in their vacuum state. This is similar to the assumption that scalar matter fields in the de Sitter phase of inflationary cosmology begin in their vacuum state -although the justification of these assumptions are very different. With these initial conditions, the free evolution for χ leads to the following form of the mode functions:
Inserting this solution into the σ equation, we have
where Ei stands for the exponential integral function. Here, the first term comes from the quantum fluctuation of σ, and the rest of the terms are sourced by χ fluctuations. And θ k is a relative phase between the original quantum perturbations of the Galilean and the induced perturbations. Note that the last two terms are subdominant because on super-Hubble scales −kt 1, and thus they are small compared to the second term. For the same reason, the second term will dominate over the first term in most of the parameter space.
As discussed above, we can safely work in the uniform total energy density slice, in which the curvature perturbation is ζ = ψ. Making use of (18) and (24) and inserting into the definition of the power spectrum we find the scale-invariant result
where
is the effective Hubble parameter at Hubble crossing, which can be inferred from the second order solution of the equation of motion of G 4 . This result is true for all times t before the time t D when either the Galileon or the field φ decays. For simplicity, we shall assume that both fields decay into normal radiation at the same time t D (e.g. via the process studied in [13] ). Then, the time t D is the time when the conversion of isocurvature perturbation to curvature fluctuation shuts off. Note that it is the non-trivial coupling between φ and χ introduced in our construction which leads to the scale-invariance of the curvature fluctuations. The intrinsic spectrum of curvature fluctuations (in the absence of a φ field) would be deep blue (scalar spectral index n s = 3), as can be verified by doing the calculation with the first term in (24) only.
The power spectrum is growing until the G and φ fields decay. To relate to observations, the time appearing in the power spectrum should be taken to be the time t D when the Galileon and spectator scalar field have decayed into radiation. After the time t D , the isocurvature mode disappears and the curvature fluctuation remains constant in time (for modes of interest to us which are far outside the Hubble radius in the radiation phase which starts after the time t D .
Note that the increase of the power spectrum in time does not spoil the scale invariance because the scale invariance is determined by the k-dependence of the power spectrum. Instead, the increase in time indicates that the perturbation in the isocurvature direction is continuously converting to curvature perturbation before it decays. This time dependence is similar to what occurs in the curvaton scenario in inflationary cosmology where the presence of isocurvature fluctuations see a continuously growing curvature mode 5 . The amplitude of the resulting spectrum of curvature fluctuations depends on the values of the mass scales in the Lagrangian, and on the values of φ 0 and t D . It is natural to assume f ∼ M ∼ M p , and to choose Λ to be parametrically larger than f , i.e. Λ = αf with the constant α 1. For consistency of the approximations, we must choose φ 0 parametrically smaller than M , i.e. φ 0 = βM with constant β 1. In this case, we find
4 From the second order action, we can only determine the leading order result with H eff H 0 . However, we can solve the relation between H eff and H 0 to higher orders using the background field equation
This second order solution is needed if we want to calculate the spectral index. Similarly, we replaced φ 0 to φ in the power spectrum to take into account the slow but non-vanishing k-dependence. 5 In the curvaton scenario, where the curvaton φc and the inflaton are decoupled (except via gravity), there is a conserved quantity ζc = −ψ − Hδρc/ρc, where ρc is the energy density of the curvaton field. The total curvature fluctuation ζ is not conserved before the decay of curvaton. Instead, it is related to ζc by ζ = ζcρc/ρ = ζc(ρc + pc)/(ρ + p), where ρ and p are the total energy and total pressure. In our case, ρ + p ∝ t −4 and ρ φ + p φ ∝ t −6 (which is the analog of ρc + pc). Thus ζ scales as t −2 and P ζ scales as t −4 . However, there is explicit coupling between φ and the Galilean. Thus while we hope this footnote still provides an intuitive understanding, an explicit calculation is also needed, as we give in the main text. which is parametrically smaller than 1 if
To calculate the spectral index, we need to compare different k modes. As usual, the difference in k is translated into a difference in the time t(k) when the mode k crosses the effective Hubble radius in the emergent phase. The reason why we must use the effective Hubble radius crossing k = a eff (t k )H eff (t k ) and not the crossing of the background Hubble radius k = aH is that it is the effective Hubble radius which determines the transition from the phase when fluctuations oscillate and when they are frozen out (see Figure 3 for an illustration of the scales involved).
The spectral index can be calculated as
Inserting the equations of motion, we have
The spectral index could be extremely small. This is because we want to generate a large hierarchy of scales for which the spectrum is scale invariant. Let the number of e-foldings of the effective de Sitter phase be N . Then we need
Thus, the spectral index is very small given a large N . This can be verified by inserting the above expression into (28). We get
Present experiments suggest that 1 − n s is a few percent. In principle, the free parameters α, β and t D can be chosen such that the power spectrum amplitude (26) agrees with observations and the tilt reproduces the best-fit value (30). However, it may be difficult to fit the current data of n s because the presence of the exponential factor e N . Additional mechanisms may be needed to generate a tilt of the power spectrum.
IV. PSEUDO-CONFORMAL MODEL
Similarly, for the pseudo-conformal model of [12] , we consider the matter action
V. CONCLUSIONS
We have shown how correction terms to the effective action of the low energy fields which are expected based on supergravity or quantum gravity considerations induce a linear coupling between the fluctuations of an isocurvature field and the curvature fluctuations. Thus, a scale-invariant spectrum in a spectator scalar field induces a scaleinvariant curvature fluctuation spectrum. Scale-invariant spectra for spectator scalar fields are induced e.g. in the Galileon Genesis model [1] , in the Conformal Cosmology of [8] and in the Pseudo-Conformal scenario of [12] . Our mechanism can be used to demonstrate that these scenarios indeed lead to a scale-invariant spectrum of curvature perturbations.
